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Abstract 

We express the action of six-dimensional supergravity in terms of four-dimensional 
N = 1 superfields, focusing on the moduli dependence of the action. The gauge 
invariance of the action in the tensor-vector sector is realized in a quite nontrivial 
manner, and it determines the moduli dependence of the action. The resultant moduli 
dependence is intricate, especially on the shape modulus. Our result is reduced to 
the known superfield actions of six-dimensional global SUSY theories and of five¬ 
dimensional supergravity by replacing the moduli superfields with their background 
values and by performing the dimensional reduction, respectively. 
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1 Introduction 


Higher dimensional supergravity (SUGRA) theories provide interesting setups for super- 
symmetric (SUSY) models with extra dimensions, and are also regarded as effective the¬ 
ories of the superstring theory in some cases. For the purpose of analyzing SUSY extra- 
dimensional models, the M = 1 superheld description of the action is quite useful [T]- usiu 
It makes the derivation of four-dimensional (4D) effective theories transparent since the 
Kaluza-Klein mode expansion can be performed keeping the M = 1 superspace structure. 
It also expresses the SUGRA action compactly, and allows us to work in general setups. 
In the global SUSY case, the M = 1 superheld description of SUSY Yang-Mills theories 
from hve to ten dimensions are provided in Ref. [2]. However, we have to work in the 
context of SUGRA in order to treat the moduli, which are dynamical degrees of freedom 
corresponding to the “volume” or the “shape” of the compactihed internal space. Such 
moduli often play important roles when we construct phenomenologically viable models. 
We also need to discuss the stabilization of the moduli to some hnite values to obtain 
consistent extra-dimensional models. 

Five-dimensional (5D) SUGRA provides the simplest setup for SUSY extra-dimensional 
models. The general action can be obtained by the superconformal formulation m-m- 
Based on this formulation, 5D SUGRA action with arbitrary numbers of hyper and vector 
multiplets has been expressed in terms of A/" = 1 superhelds [3 |H] . We have derived 4D 
effective theories of various 5D SUGRA models, and discussed their phenomenology [T^ - 

m- 

The next simplest case is six-dimensional (6D) SUGRA [23 EH]- This has the smallest 
even extra-dimensions, and we can introduce magnetic flux that penetrates the compact 
space as a background. The shape modulus newly appears in addition to the volume 
modulus. These ingredients widen the possibility of model-building. Besides, we can also 
consider 6D SUGRA as a toy model of ten-dimensional superstring theories. With these 
reasons, 6D SUGRA is intriguing subject to investigate. As mentioned above, the Af = 1 
superheld description is useful to discuss it, as was provided in Ref. [ 2 ] in the global SUSY 
case. However, 6D action in Ref. [ 2 ] cannot be promoted to SUGRA straightforwardly. As 
discussed in Refs. [271128] - the off-shell description of 6D SUGRA necessarily contains a 
tensor multiplet, which was not introduced in Ref. [ 2 ]. It contains a self-dual antisymmetric 
^ “W = 1” denotes SUSY with four supercharges in this paper. 
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tensor (M, = 0,1, • • • ,5), and the 6D snperconformal Weyl mnltiplet contains an 

anti-self-dnal tensor In general, the (anti-)self-dnal condition is an obstacle to the 

Lagrangian formnlation, similar to that for type IIB SUGRA. Fortnnately, we can evade 
this difficnlty in 6D SUGRA. By combining with the held strength 

we can dehne a new Weyl mnltiplet that contains an nnconstrained tensor Bmn- This 
new tensor held conples to the vector mnltiplets |23 |28] . Therefore we need to know how 
the tensor and the vector mnltiplets conple to each other in the J\f = 1 superheld langnage. 

In onr previons work [30], we derived the Af = 1 snperheld description of the tensor- 
vector conplings in 6D global SUSY theories, which is derived from the invariant action [29] 
in the projective snperspace [ST] |32l |33] . In this case, the tensor mnltiplet mnst be treated 
as external helds becanse we do not have the Weyl mnltiplet that contains Tmtvl) 
only have the constrained one B^j^. In this paper, we extend onr resnlt in Ref. [30] to 
SUGRA. Since Ref. [29] provides the projective snperspace formnlation of 6D SUGRA, 
we can in principle obtain its A/" = 1 snperheld description by integrating ont half of 
the Grassmannian coordinates, as we did in the global SUSY case [30]. However, the 
procednre is not so straightforward as that in the global SUSY case becanse we need to 
separately treat the 4D part and the extra-dimensional part of the gravity sector that has a 
complicated strnctnre in the projective snperspace. Hence we adopt another strategy. We 
hrst identify the modnli snperhelds that originate from the extra-dimensional components 
of the 6D Weyl mnltiplet. Then, we insert them into the action in the global SUSY case 
nnder the following reqnirements. 

1. The action is rednced to the global SUSY one if the modnli snperhelds are replaced 
with their backgronnd valnes. 

2. It is consistent with the component held expression of the action. 

3. It is invariant nnder the snpergange transformations. 

The snperheld action is nniqnely determined by these reqnirements. As a nontrivial check, 
we show that onr resnlt reprodnces the known snperheld action of 5D SUGRA obtained in 
Refs. [3 IB] after the dimensional rednction. 

The paper is organized as follows. In the next section, we give a brief review of the 
snperheld description of 6D global SUSY theories. In Sec. [B] we promote it to the local 

^ This is called the “Weyl 2 multiplet” in Ref. [28], and the “type-II Weyl mnltiplet” in Ref. [2^ . 
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SUSY case, and identify the desired snperfield action of 6D SUGRA. In Sec. HI we explicitly 
show the gange invariance of onr resnlt and the consistency with the known 5D SUGRA 
action throngh the dimensional rednction. Sec. [5] is devoted to the snmmary. We also 
collect some formnlae and their derivation in the appendices. 


2 6D Global SUSY theory 


Thronghont the paper, we take the metric convention as tjmn = diag(—1,1,1,1,1,1), and 
follow the notation of Ref. |3l] for the 2-component spinors. 

2.1 Invariant action 

We consider 6D (1,0) SUSY theories. The spacetime coordinates (M = 0,1, • • • ,5) 
are decomposed into the 4D ones (/i = 0,1, 2, 3) and the extra dimensional ones x™ 
(m = 4,5). Before discnssing 6D SUGRA, let ns begin with its global SUSY limit. In 
this case, it is convenient to nse the complex coordinates z = |(x^ — ix^) (s = e“^*) 
and its complex conjngate instead of x'". Originally, the Af = 1 description of the 
action is provided in Ref. |2]. For simplicity, we will consider Abelian gange theories. 
The held content consists of hypermnltiplets [A = 1, 2, • • •) and vector mnltiplets 
(/ = 1, 2, • • ■). They are decomposed into Af = 1 snperhelds as 




( 2 . 1 ) 


where is an W = 1 real vector snperheld, while the others are chiral snperhelds. By 
nsing these Af = I snperhelds, we can constrnct 6D global SUSY action as [2] 



+ jd^e fjj{4{dv 


^ - E^){dV-^ - S-^) - 2dV^dV-^} , 



/ 


d^e {HU {d - S) ileven - + S) ^odd} + h.C. , (2.2) 


even 


^ The definition of z is different from that of Ref. [30] . As we will see in the next section, this choice is 
convenient for the promotion to SUGRA. 
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where d = dz = 3(84 + id^) = s~^d 4 — sd^, and Hodd and ifeven are column vectors that 
consist of and respectively. The contracted indices / and J are understood as 

being summed, and 

Wi = -^D‘^D^V^ (2.3) 

is the gauge-invariant field strength superheld. The coefficients fu are real constants and 
fij = fji- The superhelds without the indices V and S are defined as 

V = tiV^, S = (2.4) 

where tj (/ = 1 , 2 , • • •) are generators for the corresponding Abelian gauge groups. The 
Lagrangian fl2.2p is invariant under the following (super)gauge transformation. 

^ ^ + dA^, 

Hodd ^ 6 Hodd^ hfgveji Y € hfeveri) (^•^) 

where the transformation parameter A^ is a chiral superheld. 

Unfortunately, fl2.2p cannot be promoted to SUGRA straightforwardly. As mentioned 
in the introduction, a tensor multiplet T = • • • } is necessary to describe 6 D SUGRA. 

Thus we need to extend fl2.2p including T in order to promote the action to the SUGRA 
one. This extension was provided in our previous work isii, which is directly derived 
from the invariant action in the 6 D projective superspace |29]. We have to note that the 
tensor multiplet T cannot be off-shell in the global SUSY case [55]. We found that it is 
expressed by two Af = 1 superhelds, i.e., a real linear superheld and a chiral spinor 
superheld Wra, which are subject to the constraints: 

D'^Wra = -2d^T, 

= -4:dWTa- ( 2 . 6 ) 


From these relations, we obtain 


(□4 + dd) 4>r = (04 + dd) Wto = 0 , 


(2.7) 


where ^4 = We have used that Vt:^t = and D'^D^Wto = 16n4WTa, where 

Vt = —DdD‘^D‘^/{S\I\ 4 ). Namely, and Wto are on-shell, and thus should be treated as 
external superhelds. Using these superhelds, Cy in fl2.2p is extended to 


CvT = - jd^e fu | 2 E^>V^>Vr + -D^ + dV^D'^V^W to) | + h.c. 

+ [d^9 2fu^T {V^ (□ 4 PT + dd) + 2{dV^ - E^){dV^ - S-^)} . (2.8) 
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For later convenience, we rewrite this Lagrangian as 

|- 2 S^F)“l/'^>VTa + ^ {dV^D^V^ - dD^V^V-^) Wra + h-c. 

+$T [D^V^Wi + + V^D^Wi 

+4:{dV^ - t^){dV-^ - S-^) - 2dV^dV^]] , (2.9) 

where we have dropped total derivatives and used the hrst constraint in fl 2 . 6 p . As we have 
shown in Ref. [30], this Lagrangian is invariant under the gauge transformation fl2.5p 0 
up to total derivatives, and reduces to fl 2 . 2 p in the limit of <Ft = 1 and Wra = 0 , which 
corresponds to the case where the tensor multiplet is absent. 

The superhelds and Wtol are expressed as 

= -2iD^D‘^Y^ + 2 iD^DW^, 

Wra = iD^ {DaX + ABY^) , ( 2 . 10 ) 

where X and Y^ are complex superhelds that are related through 

(D„X + 4aF«) = 0. (2.11) 

This relation indicates that Ya cannot be a general superheld. The hrst constraint in fl2.6p 
is automatically satished if fl 2 . 1 ip is satished. Thus, independent constraints are fl 2 . 1 ip and 
the second constraint in (12.Op . Note that and Wra are the held strength superhelds of 
the “gauge potentials” X and and are invariant under 

+ Y^^Y^-^D^Vg, ( 2 . 12 ) 

where the transformation parameters Vg and Eg are TV = 1 real vector and chiral super¬ 
helds, and form a 6 D vector multiplet. The transformation fl2.12p is the SUSY extension 
of the gauge transformation: —)■ + Bm^n — Bn^m real transformation 

parameter). 

Here we decompose X as 

X = s-^X 4 - sXg, (2.13) 

where X 4 and X 5 are real superhelds. Then the second equation in fl2.10p and (12.111) are 
rewritten as 

WTa = {s-^D^X^ + sD^Xs + 4 ( 5-^94 + 5 ^ 5 ) Y«} , (2.14) 

^ The tensor multiplet ($t, Wto) is invariant under the gauge transformation. 
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and 


(2.15) 


{s-^D^Xi - sD^X^ + AdY^) = 0. 

Using the constraint fl2.15p . Wto is also expressed as 

Wto. = 2s-^D^ {D^X^ + AdM = s-^W^a + 8s-^d^D^Y^ 



= 2sD^ {D^X. + Ad^Y^) 

— sWsq + Ssd^D'^Yf^, 

(2.16) 

where 





Who = 2D^ Dq^X^j 

>V 5 „ = 2525^X5. 

(2.17) 


Thns, the tensor mnltiplet T is described by two constrained snperhelds X4 (or X5) and 

dh. 


2.2 Components of superfields 

Each M = 1 snperheld has the following components. Here we focus on the bosonic helds, 
for simplicity. 

Hyperscalars in where i = 1,2 is an SU(2)u-doublet-index|^ are 

embedded into and as 

= Al^-^+ 0{e), = Al^+ 0{e). (2.18) 

A 6D vector held in is embedded into and as 

= -{ea>^e)A^, + o{e^), = {s-^a^-sA^)+ o{e). (2.19) 

A 6D tensor held and its scalar partner a in T are embedded into and Wtq 

as 

= a + {ea>^e)e^,pxd’^B+P^ - + ■■■ , 

yvra = + (a^"^)a ( 95 + + - q^c;) + • • •, (2.20) 

where = —i (s“^5+4 + sH+g), and B^j^ satishes the self-dual condition: 

e,upxd’^B+>^^ = -2 {d^Bt, - Im {dC^)} , 

95+ + d,C, - d,C, = '-e^^px (95+^^ + - d^C^) . (2.21) 

® SU(2)4j is an automorphism of 6D superconformal algebra (see Appendix fA| . 
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The expressions in fl2.20l) are realized when X and Ya have the following components: 

A' = (^Bt, + +..., 

n = + ■ ■ ■ . (2.22) 

where = s-^5+ - s5+. The 5+ -dependence is determined from the transformation 
property under fl2.12p . 


3 Extension to 6D SUGRA 


Now we extend the action in the previous section to the local SUSY case. Since we are 
interested in the moduli-dependence of the action, we focus on n = 4, 5) among 


the sechsbein and treat the other components as a background 


i.e., e, 


= and 


e^- = = 0. Therefore, we do not discriminate the curved index p from the flat index /i 

for the 4D part in the following. 


3.1 Moduli superfields 

First we identify the TV = 1 superhelds constructed from the extra-dimensional components 
of the 6D Weyl multiplet E = (e^, U^, • • •) (see Appendix iBl). Notice that if 

a complex scalar A is the lowest component of a chiral superheld, it transforms under 
consecutive SUSY transformations as 

dArjA = 2i{T]a^e)dfj,A + ■ ■■ , (3.1) 

and if a real scalar (j) is the lowest component of a real general superheld, it transforms as 

6 Ar,(j) = - ea^ff)df,(i) H-, (3.2) 

where the 2-component spinors €„ and r]a are the transformation parameters, and the 
ellipses denote terms involving other helds. In order to identify combinations of that 
belong to A/" = 1 superhelds, we focus on the J\f = 1 SUSY transformations at linearized 
level in the huctuations e^. Then, from fIB.ip . we obtain 

= ^j^^{r]a^^e){M)df,u + c.c. H-, (3.3) 

® The fluctuation modes of the 4D gravity multiplet can be easily taken into account by promoting the 
d'^9- and 0-integrals to the D-term and the F-term action formulae [55], respectively, in the supercon- 
formal formulation of 4D SUGRA (ST] 1581 [39] . 












where = det(e^) = — e^e^- and u = ( 64 -, 64 “, Cg-, eg-)*. The matrix Ai is 

dehned as 


/ -Mil 

•M12 

-E^e/ 


-zA 4 ii 

-iMi2 

iE^e^- 

iE^e^- 

^565^ 

UgCg- 

-M33 

-M34 

\-iE^e^- 

-iE^e^- 


— Z.M34 j 


where Em = + ze^, and 

M-ii = 2E^e^- — E^e^-, A4i2 = ‘^E^e^- — E^e^-, 

-^33 = -£’ 564 “ ~ 2T^4eg“, A ^34 = E^e^- — 2E^e^. (3-5) 

There are three eigenvectors Va (a = ±,0) that satisfy Va{A4} = Xa^a and Va{A4}* = 
simnltaneously (A^, A'^: eigenvalnes). 

(A_,A'_) = (0,-4z(e(2))) ; v. = ({E,},-z{E,},-{E,},z{E,}), 

(Ao, Ao) = (2i{e^^^}, -2i{e^^^)) : vq = ((cg-), -(cg-), -( 64 -), ( 64 -)) , 

(A+,A'+) = (4z(e(2)),0) : n+= ((E 5 ), - W,-^(i^ 4 )) • (3.6) 


Thus, we obtain 


6^Srj{v_ ■ u) = —2i{ea^r])d^{v_ •«) + ••• , 

SJr,{vo ■ u) = i{r]a^e - ea^f])d^{vo • n) H-, 

5e5r,{y+ ■ u) = 2i{rja^e)d^{y+ • n) H-. (3.7) 


Therefore, we infer that v+ ■ u = {E^)E 4 ^ — {E/^)E^ is the lowest component of a chiral 
superheld, and Vq ■ u = — (eg-)e 4 - — ( 64 -)Cg- + ( 64 -)Cg- is the lowest component of 

a real general super£eld|j Note that n+ • u and Vq ■ u are the linear parts of E 4 /E^ and 
in the fluctuations, respectively. In fact, we can show that 


{S.s^ - = 2 » iw'-i - e'y‘‘i}) . 

(SfrSff — = 2i {rja^e — ea^ff) (3.8) 


at the full order in the fluctuation. Thus the correct SUSY algebra is realized on them, and 
they can be the components of the superhelds. Namely, we hnd that the extra-dimensional 
V- ■ u = (z;+ • u)* is the lowest component of an anti-chiral superheld. 
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(3.9) 


components of the 6D Weyl multiplet E form a chiral 


superheldj^ 


o(»). 

and a real general superheld, 

Ve = e<^> + 0(0). 


(3.10) 


In the super conformal formulation of 4D SUGRA [36]-[39], each superconformal multiplet 
is characterized by the Weyl weight w and the chiral weight n, which are the charges of 
the dilatation and the automorphism U{ 1 )a of the superconformal algebra, respectively. 
From (1A.6D . we can see that {fn = 4,5) have {w,n) = (-1,-1). Thus, noting that 
e(2) = lra{EiE 5 ), we hnd that Se and Ve have {w,n) = (0,0) and (—2,0), respectively. 
This is consistent with the fact that they are a chiral and a real general superhelds |36] . 
From their forms of the lowest components, we can see that Ve and Se correspond to the 
“volume” and the “shape” of the compact space. 

In the following, we identify how these superhelds appear in the 6D SUGRA action. We 
construct the action in such a way that it is reduced to the global SUSY one if the moduli 
superhelds Ve and Se are replaced with constant values 1 and s = e~^\ respectively. 
These values correspond to the background values of the case that {e^) = {e^) = 1 and 

(e/) = (es-) = 0. 


3.2 Hypermultiplet sector 


Here we extend £h in (12.21) to the SUGRA version. In this case, we need to introduce the 
ric compensator hypermultiplets in addition to the np physical ones. Thus, besides the 
dependence on Se and Vg, the Lagrangian in this sector is written as 


Cu = -Jd^e2 

fd?e I H^d {d - S) hfeven " + S)i7odd \ + h.C. 


(3.11) 


nci 


'-np , 


is the metric for the space spanned by the hyperscalars, and 


where d = diag(l 
discriminates the compensators from the physical ones. 

Now we consider the moduli dependence of the Lagrangian. Since Ve cannot appear 
in the chiral superspace, FTodd and iLeven must have w = n = 3/2. However, the 6D 


® When E4/E5 is the lowest component of a chiral superheld, so is {E^/E^Y {p : real number). We 
choose p = 1/2 just for convenience. 
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hyperscalars and have w = n = 2. Hence the component identihcation in 

(I2.18P must be modihed. Since we have to keep the condition w = n for a chiral superheld, 
we need to adjust the weights by using Em = (m = 4, 5) that has w = n = —1. 

We hnd that (12.181) should be modihed as 

H2A-1 ^ £;P^V2-P^2A-1 ^ 

where p and q are arbitrary real numbers. We can always set p = g = 1/4 by redehning 
the above chiral superhelds as —)■ and —)■ H'^^. Hence, in 

the following, we identify the lowest components of these chiral superhelds as 

+ 0 {e), 

= {E^E^y^^Al^ + 0(6). (3.13) 


Next we promote the derivative d to the SUGRA version Oe that depends on Se- 
(This is independent of Ve because it cannot appear in the chiral superspace.) In order 
to reproduce the correct 6D kinetic terms for the hyperscalars after eliminating the F- 
terms of Ffodd,even, the lowest component of Oe should be proportional to d^ + id^ because 
I (c?4 + id^) Af = d"^A^dmA. Since 


^4 + = 



we dehne Oe as 


Then, its lowest component is 


Oe = -^^4 — SeQ^. 

OE 


(3.14) 


(3.15) 


i„(2) 

OeI = ^^=s= (% +14) ■ (3.16) 

V n/4n/5 

Here and hereafter, the symbol | denotes the lowest component of a superheld. This 
promoted derivative Oe is certainly reduced to the global SUSY one d if we replace Se 
with its background value s. 

From the counting of the Weyl and chiral weights, (13.lip should be modihed as 


Cu = - jd^e 2 VI/^Ue(Se. Se) 


d^e (Oe - S) (Oe + S) + h.c. 


, (3.17) 
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where Ue{Se, Se) is a real function. From fl3.9p . flS.lOp and fl3.13p . the lowest component 
of the integrand in the (i^6'-integral is read off as 


C = V^^^UEiSE, Se) + HlJe-^H, 

IEA pE, 


= ^/eWlUf 


(-^Idd-iAdd + ALJA, 


(3.18) 


where .4odd end .4even ere column vectors that consist of end A^^, respectively. 

Note that C appears in front of the Ricci scalar when the d'^^-integral is promoted to the 
D-term action formula [36]. From the component expression of 6D SUGRA |2^, on the 
other hand, the coefficient of the Ricci scalar should be + -Ai^en'^'^even j E 

Thus the function Ue\ is determined as 

i 


Ul\ = 


(EaE^ — EaE^ 



(3.19) 


Therefore, we obtain 


Ue{Se, Se) — ( Im 


Sf 


1/2 


(3.20) 


In fact, substituting fl3.20p into fl3.17p and eliminating the F-terms of idodd,even, we obtain 
the correct kinetic terms. 


£h = 26*-^^ l^^^odd'^^AT-Aodd + ^^-Ajven'^^M-Aevenj + ' ' ' • (3.21) 

Correspondingly to the promotion: d ^ Be, fl2.19l) is also modified as 


V 

E 


-(da'^0)A^ + O(d^), 



+ 0 ( 0 ) 


yj EaE^ 


{AA + iA^) + 0{e). 


® Note that detfe^g^) = e^) 


under our assumption. 


(3.22) 
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3.3 Vector-tensor sector 


Next we consider the vector-tensor sector. The dehnition of the tensor (held-strength) 
superheld is unchanged from fl2.10p . 


= -2iD^D^Y^ + 2iDaD^Y'^, 


(3.23) 


while that of Wtq is now modihed from fl2.14p as 

1 


WTa = + SeD^X^ + ASeOeY^ ) , 

de 


where X 4 and X5 are real superhelds, and 


1 


Oe = -^^4 + ^5- 
Oe 


The constraint fl2.15p is promoted to the SUGRA version: 


y-^DaX, - SeD^X^ + ABeY^ 1 = 0 . 

Under this constraint, Wxa can be rewritten as 


= —>V4« + —d^D^Y^ 

JE JE 


= SEma + SSeO^D^Y^, 


(3.24) 


(3.25) 


(3.26) 


(3.27) 


which is the SUGRA version of fl2.16p . The held strength superhelds W^q and Wsq, are 
dehned as fl2.17p . The superhelds ^t, VVro and the constraint fl3.26p are invariant under 
the gauge transformation: 

'Sg' 


5X4 = d^Vc - Re (ReSg) , 5X5 = ^sUg + Re 


= --D^Vg, 


Sf 


(3.28) 


where the transformation parameters Vg and Eg are a real and a chiral superhelds that 
form a 6D vector multiplet. From the expressions in fl3.23p and fl3.27p . we can show that 


(U|>Vt„) = -2dEA?T + 

OE 


(3.29) 


which is the SUGRA extension of the hrst constraint in fl2.6p . From the gauge invariance 
of the action, the second constraint in fl2.6p should be modihed as 


D^Do^{VeA>t) = -AidE^Tr. - {OESE)y^Ta] 


(3.30) 
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(See Sec. 14.11 ) The bosonic components of X 4 , X 5 and Ya are given by 


X4 = + ■■■, x, = ^{ea^e)B^, + ■■■, 

(^545 + + • • • , (3.31) 


where Bmn is an unconstrained tensor held. 

As explained in Appendix [Cl the constraint (I3.26p can be satished for arbitrary uncon¬ 
strained superhelds and X 4 by adjusting Se and X 5 . This indicates that the latter two 
superhelds are not independent. In fact, we can express the action without X 5 by adopting 
the hrst equation in 03.271) as the dehnition of Wra. This rehects the fact that X 5 can be 
gauged away by 03.28p . Of course, we can choose Ya and X 5 as independent superhelds. 

Now we promote £vt in (12. 9 h to SUGRA by replacing d with Oe and inserting Ve to 
match the Weyl weight of the integrand to 2, and obtain 


C 


VT — 



|-2E^T)“I/‘^>VTa + ^ {OeV^D^V^ - OeD^V^V^) Wra 
+$tVb + V^D^Wi) 

- ^'){dEV^ - T.J) - 2dEV^dEV'^] . 

^ E 


+ h.c. 


(3.32) 


The factor is necessary in order to obtain the correct component expression of the 
Lagrangian. Note that the third line in 03.32p provides the extra-dimensional components 
of the kinetic terms for the 6 D vector helds. The lowest component of cancels the 
unwanted factor in fl3.16p . 

In order for the Lagrangian to be gauge-invariant, we need to add the following terms 
to (See Sec.im) 


4f)= d^9 2fjj 


•Lt / S 




s 


V'' V"' _l_ 

U% V Se Se 


(3.33) 


Note that this vanishes if Ve and Se are replaced with their background values. 


14 




















3.4 6D SUGRA action 


In summary, the 6 D SUGRA action is expressed as 
^(SG) _ ^ ^^SG) j ^ 


p(SG) _ 


d^e 2 Ve^^Ue{Se, Se) + Hl^Je-^H,^ 


d^e {dE - S) h/even " {Oe + S) h^odd + h.C. 


AT = fjj 


- 2 ST“T>Vr« + - (AUT“T - dED^V^V'^) Wra + h.c. 
+^tVe {D^V^Wi + + V^D^Wi) 


+ ^ {4(AT - t^){dEV^ - S'") - 2 dEV^dEV 

^ E 


J 


(3.34) 


Se Se 

This certainly reproduces the global SUSY action in the previous section when Ve = 1 and 
Se = s. 

Here we comment on the constraints (13.261) and (13.301) . They can be released by intro¬ 
ducing the following terms. 

= fd^d iZ^D^ ( TAY4 - SeD^X^ + AOeY^ 


s, 

+ Jd^e 2T“ [.DT„(Ue4>t) + 4 {dEWra - (OEA)>VTa}] + h.c., (3.35) 

where the Lagrange multipliers Z" and Y°‘ are unconstrained superheldsF^ These terms 
can be rewritten as 


4 ' m ^ = jd^et [d^d^SeZ^) - D^D\SeZ'^)}x, 

+ [d^9 {i{SeZ^) 1 +h.c. 


2Y 


S. 


+ dW \ Ve^t^t - ^idEY^Wra + , 


(3.36) 


where 'Lt = —2iD^D^Ya + 2iDaD^Y°‘. We have dropped total derivatives. If we adopt 
the hrst equation in fl3.27p as the dehnition of Wto, a real superheld X 5 only appears in 

If we identify Ya as a superfield coming from another 6D tensor multiplet, we can understand the 
second line of (13.351) as the W = 1 superheld description of (3.53) of Ref. [23], which is described in the 
projective superspace. 
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the first line of fl3.36p and thus is regarded as a Lagrange multiplier. Then its equation of 
motion provides 


D^D\SeZo) = D^D\SeZ^), 


(3.37) 


which is understood as the Bianchi identity. Thus, this can be solved as 


SeZ^ = -D^Vz, 

where Vz is a real superheld. Therefore, fl3.36p is rewritten as 


p(SG) _ 




^>Vz>V4 + ( WldED^Y^ + W^OeD^Y, 


-^dED‘^Y‘^d,D^Y, 

De 


h.c. 


+ d'^eVE^T^T, 


(3.38) 


(3.39) 


where Wza = —^D^DaVz- Note that all the superfields are now unconstrained in this 
expression. Needless to say, we can choose X 4 instead of X 5 as the Lagrange multiplier, 
and adopt the second equation in (13.2711 as the dehnition of Wto- 


4 Consistency checks 

In this section, we show that our result (I3.34p is gauge-invariant, and is reduced to the 
known superheld expression of 5D SUGRA after the dimensional reduction. 


4.1 Gauge invariance 

The (super)gauge transformation is given by 


Ve —t Ve, Se —t Se, 

77. 




? even ' ^ -^-^even? 

I V T// iA/iA.f 'eI vW^iOA^ 


^ 4 ^X 4 , Xs^Xs. (4.1) 

('SG') 

Under this transformation, ^ is manifestly invariant, while the invariance of the re¬ 
maining part is quite nontrivial because it is invariant only up to total derivatives. 

In the following, we neglect total derivative terms. Note that the following formulae hold. 


{dEA)B = -AOeB + {OeSe)AB, 

D^OeA = SeD^A - {D^Se)OeA. (4.2) 
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,(SG) 


The variation of £vt ^ 

[{-2dEA^D‘^V^WTa - 2S^D“A^>VTa 
1 


{dE (A^ + A^) + BeV^D^A-^ - SeD^A^V 

-OeD^V^ {A^ + A^) } WTa + h.c.} 

+^tVe {D^^A^Wi + D^AW“ + (A^ + A^) D^Wi] 
{ABeA^ {BeV^ - S'") + 4 {BeV^ - t^) BeA^ 


-2Be (A^ + A^) BeV-^ - 28eV^8e (A^ + A^) 
'-BeA^^^ + ^BeA^E^ 


Sf 


Sf 


= d^Ofjj 


^ {Be (-3A^ + A^) + D^A^BeV^ 

-BeD^A^V-^ - (A^ + A^) BeD^V-^] Wra 
+^tVe {D^A^Wi + A^D^Wi) 

+^Be{A^ -A^)BeV^ + \i.c. 


m 


At the second equality, we have used the following equation: 


- = 

UE OE 


\(fe 


*hT Se 


i^j 


—8 , - SeB, A^S 
I^E JE \^E J 




= Id'^e ^tBeA^^-^- 


(4.3) 


(4.4) 


The last equality holds because of the property of d’r as a linear superfield. By means of 
dMl), we can show that 

^ [Be (-3A^ + A^) D^V-^ + D^A^BeV-^ - BeD'^A^V^ - (A^ + A^) BeD^V^] 

= ^ [BeD^ (A^ - A^) + Be (A^ - A^) 

(A^ - A^) BeV^ - (A^ - A^) BeD'^V^] - BeA^D^V^ - A^BeD^V'^ 

= [Be (A^ - A^) 1/^ - (A^ - A^) BeV^} 

[Oe (A^ - A^) V-^ - (A^ - A^) OeV^] - Be {A^D^V^) . (4.5) 
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Thus fl4.3p is rewritten as 


5C 


(SG) 

VT 


jd^O fu 


{Oe (A^ - - (A^ - A^) OeV-^} Wra 

{Oe (A^ - A^) - (A" - A^) OeV-’} Wra 

-Oe {A^D^V^) Wra + Ve<I>tD^ (A^W^) 

+ ‘^dE {A^ -A^) OeV'^ + h.c. 

E 


= d^efjj 


[dE (A^ - A^) V-^ - (A^ - A^) OeV^} D^Wra 


D'^Sp 


2 

2 $j' 


[Oe (A^ - A^) - (A^ - A^) 0 %V-^] Wra 


ul 


Be (A^ - A^) OeV^ + h.c. 


At the second equality, we have used that 


-Be {A^D^V-^) >Vr„ + Ve^tD^ (A^Wi) 

= A^D^V’ {dEWra - iOESE)WTa} - D'^ [Ve^t) A^Wi 
= -^A^D^V^ {D^D^{Ve^t) + 4 {dEWTa - {OeSe)Wto)] = 0, 

where fl3.30p is used at the last step. 

Using fl3.27p . we hud that 

]^dE (A^ - A^) V-^D^Wxa + h.c. 

= 7^94 (A^ - A^) {Se (>V5„ + 8 d,D‘^Y ^)} 

ZDe 

-^d, (A^ - A^) I j- (>V4„ + Sd^D^Y^) I + h.c. 

= ^Oe (A^ - A^ 

+1^4 (A^ - A^) (>V5„ + 8d,D‘^Y^) 

-^^5 (A^ - A^) U-^T)“ (>V 4 a + Sd^D^Y^) + h.c. 

= I^^^Oe (A^ - A^) V^Wra + h.c.I 

+204 (A' - A') V’d^t-T + 205 (A' - A') l 2 '^a 4 <*T. 


(4.6) 


(4.7) 


(4.8) 


Similarly, we obtain 

- ^ (A^ - A^) dEV-^D^WTa + h.c. 


{-^(A^-AO OeV^Wt.+ h.c.^ 

-2i (A^ - A^) {d4Vd5^T - d^Vdi^r} ■ (4.9) 
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Furthermore, we can see that 


(A" - + h.c. 

E 

= 4i$T {(A^ - A^) - 85 (A^ - A^) diV-^} . (4.10) 

By means of these equations, we hud that 

= Jd^e fjj [2tV^ {04 (A^ - A^) d,^T - d, {A^ - A^) d,^T} 

- 2 i (A^ - A^) {d^V-^d^^T - d^V-^d^^T) 

+4i$T {^4 (A^ - A^) - 85 (A^ - A^) 8 iV^}] 

= Jd^O fjj [- 2 i^t { 85 V^ 8 , (A^ - A'") - 8 ,V^ 8 , (A^ - A^)} 

+2i<Fr {^5 (A^ - A^) 8 iV^ - 8 ^ (A^ - A^) 8 ^V^] 

+4i4>T {^4 (A^ - A^) 8 ^V^ - 85 (A^ - A^) 8 iV^}] 

= 0. (4.11) 

Namely, the 6D SUGRA action (13.341) is gauge-invariant. 


4.2 Dimensional reduction to 5D 


Here we show that the our result fl3.34l) reproduces the known 5D SUGRA action after the 
dimensional reduction. We drop the a:^-dependence of the superhelds in fl3.34l)l^n Then the 
differential operators become 


8e —t -^^4, Oe —t -^^4- 

hSG) . 


(4.12) 


Hence the hyper-sector Lagrangian £jj in (I3.34p becomes 

4®) = -jd^9 2 V^^^Ue + if^de-^^ATeven} 


'd^e { AA^d ( ^^4 - S 1 AA, 

. OE 


Hevpnd I 7^~^4 + U ) AAodd C + h-C- 

OE 


d^e 2 Ve I 4dd^~e^^odd + 


'd^d <i AA* R ( ^4 - S ) 4ven - HLJ ( ^4 + S ) AAodd K h-C- 


(4.13) 


11 


The case that the x^-dependence is dropped is essentially the same. 
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where 


Ve = vI'^Ue\Se\. t^ = SE^^, 


^ ^^odd, 


u — 9“V2 

-^-^even — 


H, 


(4.14) 


Next we consider the vector-tensor sector Lagrangian £vt^- From fl3.27p . Wto becomes 

Wra —t SE^V^a- (4-15) 


Then, becomes 


4®) = d^efjj 


= d^efjj 


-2E^D°‘V^SEma + - {diV^D^V^ - d^D^V^V^) Ws^ + h.c. 
+^tVe {D^V^Wi + + V^D^Wi) 

$7^ 

4 


ul\s. 


{4 {diV^ - Se^^) 4 - SeS-^) - 2d4V^diV-^ 

+ 24 S^E'^ + 2^|E^S^}] 


-2t ^+ - {diV^D^V-^ - d^D^V^V^) + h.c. 

+Ve^t {D^V^Wi + + V^D^Wi) 

2Ve^t 


VI 


- 2diV^ (S'^ + S'^ ) + 2S^S“ 


where we have used 04.141) . Here, note that the constraint 03.3UI) is now 

D^DaiyE^T) = {di{SEy^ba) “ ^ 4 *S'eVV 5 q} 

De 

= -4a>V5„ = -mD^D^X.. 


(4.16) 


(4.17) 


This can be solved as 

= ^4^5 - Ss - Es, (4.18) 

where V 5 = — SXsDj and E 5 is a chiral superheld. Substituting this into 04.16p . we obtain 


4? = d^fjj 


- 2 E^T)" 1 /‘^>V 5 „ + 2 - d^D^Vy^) + h.c. 


+ (94^5 - E 5 - E 5 ) [D^v^wi + + vy^wi) 

, 2 {dy, - S 5 - E 5 ) 


VI 




dy'^ -y -y 


. (4.19) 


12 


Thus, Wsa is expressed as Wsa = —jD'^DaV^. 
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Notice that the “shape-modulus” superheld Se completely disappears from the Lagrangian 
by the held redehnition fl4.14p . 

Since it follows that 


{d^V^ - S5 - S5) {D^V^Wi + + V^D^Wi) 

= - S 5 {D^V^Wi + + V^D^W^) + h.c. 


1 


= - -D^ {dAV5V^) 


+S 5 l/^i 5 a>V'^“ - + h.c. 

= i {d^V5D^V^ - d^D^V5V^) Wi - + h-c., 

the above Lagrangian is rewritten as 




(4.20) 


4 ? = d^Ofjj 


-2±^D^V^W5a + 2 [OaV^D^V^ - d^D^V^V^) Ma 
-T.^D^V^Wi + ^ {d^V^D'^V^ - diD^V^V^) Wi + h.c. 


2 [djV^ - S 5 - S 5 ) 

4 


diV^ - S' - sM (- s-^ - s 


(4.21) 


As shown in Appendix [Dl we hnd that 

fij {{diV^D^V-^ - diD^V^V-^) W 5 a + {d^V^D^V^ - d^D^V^V^) Wi] + h.c. 

= 2//J {d^V^D^V^ - d^D^V^V^) Wi + h.c.. (4.22) 

By means of this relation, fl4.2ip is further rewritten as 


44 = d^Ofjj 


-2t^D^V'^W^o. - SgD^l/^W^ + - {d^V^D^V^ - d^D^V^V'^) >V5„ 

3 


[d^V^D^V^ - d^D^V^V^) Wi + \ [d^V^D^V^ - d^D^V^V^) Wi + h.c. 


2 (^ 41/5 


S 5 ) 




diV^ - s' - s' ) ( diV'^ - S^ - S 


(4.23) 


Here we relabel (V 5 , S 5 ) as (H°, S°). Then this Lagrangian is expressed as 

4^ C'/jifS^W'^W^ + h.c. 


.(5D) _ 
i^VT ~ 


+ Id^e - d^D^V^V-^) + h.c.} 




2C 


UK 


V'VV", 


(4.24) 
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where the indices /, J, K now run from 0, the completely symmetric constant tensor Cjjk 
is dehned as C/jo = fij (/, J 7 ^ 0) and the other components are zero, and 

= d 4 V^ - (4.25) 

which is the extra-dimensional component of the held strength superheld. 

The 5D Lagrangians (Id.ldh and (14.241) perfectly agree with the J\f = 1 superheld de¬ 
scription of 5D SUGRA derived in Refs. [HIS]. 

5 Summary 

We have found the Af = 1 superheld description of 6 D SUGRA, and clarihed how the 
moduli superhelds appear in the action. We identihed the combinations of the bosonic 
component helds that form Af = 1 superhelds. By acting the SUSY transformations on 
them, we can identify the fermionic components of the superhelds, which are expected to 
have complicated forms. Our result fl3.34p reproduces the action in the global SUSY case 
by replacing the moduli superhelds Ve and Se with their constant background values. We 
have also shown that it is gauge-invariant both under fl3.28l) and fl4.1l) . and is consistent 
with the known superheld action of 5D SUGRA through the dimensional reduction. 

Gompared to 5D SUGRA, the existence of the tensor multiplet and the “shape” mod¬ 
ulus Se make the construction of the action complicated. In the global SUSY limit, the 
tensor multiplet is described by on-shell superhelds that are subject to the constraints in 
fl2.6p . When the theory is promoted to SUGRA, this multiplet becomes oh-shell and the 
superhelds X 4 (or X 5 ) and Ya can be treated as unconstrained independent superhelds. As 
shown in Sec. 14.11 the gauge invariance of the action in the vector-tensor sector is realized in 
a quite nontrivial manner because the Lagrangian is invariant only up to total derivatives. 
The gauge invariance strictly restricts the S'£;-dependence of the action. It appears in the 
action through Oe and Ue{Se, Se) dehned in fl3.15p and fl3.2Up . respectively. We should 
also note that the S'£;-dependence is absorbed by the held redehnition and completely dis¬ 
appears when one of the extra dimensions is reduced. This is another nontrivial check for 
our result. 

In this work, we have neglected the huctuation modes of e^-, e^- and (/i, u = 
0,1, 2 , 3] m,n = 4, 5). As mentioned in the footnote El the huctuations of e^- can be taken 
into account by using the invariant action formulae in the super conformal formulation of 
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4D SUGRA. As for the “off-diagonal” components e^- and e^, further effort is necessary. 
However, we expect that it is not very difficult to incorporate them at linear order by 
means of the linearized SUGRA formulation gQi HD sg, just like the 5D SUGRA case 
discussed in Refs. mm- 

Our superheld description is useful to derive 4D effective theories of various 6 D SUGRA 
models, as we did in the 5D SUGRA case Ha EOl E]. Especially, we can treat a case 
that there exists the background magnetic flux penetrating the compact space or that the 
compact space has nonvanishing curvature. An explicit derivation of 4D effective theory 
will be discussed in a subsequent paper. 
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A 6D and 4D superconformal algebras 


The 6 D superconformal algebra consists of the translation Pa (A = 0,1, • • • ,5), the local 
Lorentz transformation Mab^ the dilatation ZJ, the special conformal transformation Ka, 
the SU(2)u automorphism f/*A SUSY and the conformal SUSY Here, a = 1, 2, 3,4 
is the 6 D Weyl spinor index, and i = 1,2 is the SU(2)u-doublet index. They satisfy the 
following algebra. 


[Mab, Mcd] = i {vbcMad — VacMbd — VbdMac + VadMbc) , 

[Mab, Pc] = i (vbcPa — Vac'Pb) , 

[Mab, Kc] = i {t]bcKa - Vac Kb) , 

[Mab, D] = 0 , [D, Pa] = iPa, [D, Ka] = -iKa, 

[Pa, Kb] = 2i {vabD + Mab) , (A-l) 

Note that QL S'*- are SU(2)u-Majorana-Weyl spinors. We follow the notation of Ref. [30] for 
6D spinors. 
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and 


[Mab, gy = ^ (7 abQ% , [D, gy = ^g^, 

[FA,gy =0, [irA,gy = (7 a^%, 

[M^n, ^ (7 as50-, [D, 

[Pa,S^ = {^aQT^ [i^A,^*y =0, 

{gygj} = 2(7 ^c-^)^p^, 

pij^ jjkii^ = ^lijjkj _ ^jkjjii^ 

gy = -ePQi^ - ^e*^gy [W^, 5^y = (A.2) 


Here we decompose the 4-component spinors into 2-component ones as 


= I 

I _Q2a 


gla ^ 




(A.3) 


The SU(2)u generators are also expressed as 


F7 = = jy w“((x“)7 

a=l 


(A.4) 


From (lA.2p . we obtain 


[Av, Qi] = i . [M,„. sa=, (^'“•sa„. 

[M^-.,Qi] ^-\qi, [Af45.sa = isa 

[D,Q],]=\Q]., [D,S^^=-'-Sl, 

[K,, Ql.] = . [f,. sa = . 

{Qi. Q‘} = - 2 a 7 P„. {7. S|} = - 2 ^ 7 *;. 

{Oa S"7 = 2i{a>‘'')jM^ - 2SJ (M 45 - 4t<“ + iD ). 

=-\qI,< [“tS'3=5-S‘, (A.5) 
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in the 2-component-spinor notation. This is the 4D M = 1 super conformal algebra, and 
we can identify the generator of the U(l)^ automorphism as 

Qa = M 45 - Av?. (A. 6 ) 

We have normalized Qa so that Q]^ and have the charges 3/2 and —3/2, respectively. 


B SUSY transformation of 6D Weyl multiplet 


The 6 D Weyl multiplet consists of the sechsbein the gravitino gciuge helds 

for the dilatation bM and for the 811(2)^ automorphism (a = 1,2,3), the anti-self- 
dual tensor and some auxiliary helds. The SUSY transformations of the (extra- 

dimensional-components ojn 6 D Weyl multiplet [TTl 127] are expressed in the 2-component 
spinor notation as followsp^ 


6^e 


4 

m 

5 
m 





-2* 

r 1 1 p — — 7 P — 1 

s™ + + i^J^) - iVl + ” (r„„4 + a"" 

-* (VI - 

+ {5 + ey-ija" j 

{ s „ + + iVl + ^'“'1 £2 

- {1 K"- + ”, - 

-* (Vl + iV^) £‘, 

(B.l) 


where the 2-component spinors "i/m (* = 1) 2) are embedded into the 4-component ones as 


= 




(B.2) 


which have positive 6 D chiralities. In Sec. 13.11 we focus on a half of the whole SUSY 
parameterized by and el. 

Since we neglect the fluctuations of e^-, e^- and er,f, we do not discriminate the curved indices from 
the flat ones for the 4D part. 
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C Component expression of constraint (13.26 1) 


Here we express the constraint fl3.26p in terms of the component helds, and clarify the 
independent degrees of freedom. Note that fl3.26p is rewritten as 

{D^X, + 4d,Y^) = (D„X 4 + 4^4^.). (C.l) 

oe 

Since D^DaXm {m = 4, 5) are held strength snperhelds, AdmD^Ya are chiral spinor super- 
helds and 1 /is a chiral scalar snperheld, they are expanded as 


D'^DaXm = Xma + daDm + 0)aVmt„. “ {(T''d^Xm)a, 

4:dmD‘^Ya = (jJraoL + 6aKm + 0)aKm^v + 

^ = a + eij + (C.2) 

Or 

where Dm is a real scalar, Vm^lv = d^Vmu — dyVmfi is a held strength, Km is a complex scalar 

and Km/iu is a real antisymmetric tensor. Then, we calculate 

Ad^D^Y^ = {D^X, + 4dM - D^D^X, 

= a (A 4 + U}4:)a ~ 

+9a ^T*4 + -^"4 + -'4’{X4 + 1 ^ 4 )^ — -D 5 I 

+iio-^’'9)a Q WAC'rn + 

+0^ <|t’(A4 + UJi)a — -t/’o(T*4 + K^) — —(cT^'^'^)Q,(n4^i/ + 

+a (r 4 - ia^d^Xi)^ + i{a^df,X 5 )a} , (C.3) 


where 


C* 4 R,^i/ — (Re Cl) T Ki^^y) Re 


CAl^lu = (Ima) + Kif^y) - Im 


(A 4 + a; 4 )| , 
(A 4 + a;4)| • 


We have used that 


{9'4))Xa 


(C'4R/it/ + iC^i^y) {a^^9)a 


^ |(V’A)0„ - {'ip(^'"'X){af,y9)o,^ , 

* QwaC' 4R + (cr^"0)a, 


(C.4) 


(C.5) 


where Aq, = A 4 Q, + 0140 ,. 
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From fIC.Sp . we can see that the constraint fl3.26p can be satisfied for a given X 4 and 
Ya by adjusting X 5 and Se- Specifically, for given values of and we 

can realize any values for u^a-, and Ts^ in Ad^D'^Ya by tuning Asq,, and a, 

and two real degrees of freedom in ip a, and F and the remaining degrees of freedom in ipa, 
respectively. 

D Derivation of Eq. (l4.22l ) 

Here we derive the relation (I4.22p . We neglect total derivatives. Then we obtain 
A = fij {d^V^D'^V^ - d^D^V^V^) Wi + h.c. 

= -fij {V^d^D^V^ - D^V^d^V^) Wi + B + h.c., 

where 

B = -fjj {V,D^V^ - D-V^V^) 

We can show that 

B + h.c. = {V^D^V^ - D^V^V^) d^D^V-^ + h.c. 

= fijW^V^d^D^V^ + C + h.c., 

where 

C = ^ {D^V^D^V^ + + V^D'^D^V^ 

+2Di,D^V^D^V^ - D^V^D^V^) d^D^V-^. 

Here, it follows that 

C + h.c. = -i^D^ {D'^V^D^V^ + 2D^V^D^DAA^ + V^D^Do^V’ 

+2D^DaV^D^V^ - DaV^D'^V^) + h.c. 

= - 2D^V5D'^D^D^V^ + D'^V^D^D^V^ 

+¥ 50 ^ 0 “^+ 2D^D^D^V^D^V^ + D^V^D^D^V^) d^V-^ + h.c. 

= {D^D'^V^D^V^ + AiaYd^D^V^D^V^ + 2D^V^D‘^D^V^ 

-AiaYd^D^Vr,D^V^ + AiaYD'^V^d^D^V^) + h.c. 

= fiJ {-W^D^V^ + 2f)^WW'“ + V^D^Wi) + h.c. 

= fij [-D^V^d^V-^W^a + { 2 D^V,d 4 V^ - {V^dA /^)} Wi] + h.c. 

= fij {-D^V^d^V^W^a + {D'^V^d^V^ - V^d^D^V^) Wi] + h.c.. (D.5) 


(D.l) 

(D.2) 

(D.3) 

(D.4) 
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We have used the commutation relations: 


{C„, Di] = [C„, D"] = -4ia‘ra^D“. 


(D,6) 


Therefore, fID.ip is calculated as 


dl = -fij {V.d^D^V^ - D^V^d^V^) Wi + fijW^V^d.D^V^ 

-fijD^V^d^V^W^a + fij {D^V.d^V^ - V,d^D-V^) Wi + h.c. 
= ‘2fij {dW'D^V^ - d^D^V^Vi) Wi 

-fij {dW^D^V^ - d^D^V^V^) W^a + h.c.. 


(D.7) 


Namely, we obtain 


fij {{d^V^- diD^V^V^) Wsa + {dW^D^V^ 
2fij {dW'D^V^ - d^D^V^Vi) Wi + h.c.. 


d^D^vw')y\^i] + 


(D.8) 
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